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Abstract

The Helfand—Werthamer (HW) scheme (Helfand and Werthamer 1966 Phys. Rev. 147 288; another part of this work
published as a separate paper by Werthamer ez al 1966 Phys. Rev. 147 295) of evaluating the orbital upper critical field is
generalized to anisotropic superconductors in general, and to two-band clean materials, in particular. Our formal procedure
differs from those in the literature; it reproduces not only the isotropic HW limit but also the results of calculations for the
two-band superconducting MgB, (Miranovi¢ et al 2003 J. Phys. Soc. Japan 72 221, Dahm and Schopohl 2003 Phys. Rev.
Lett. 91 017001) along with the existing data on Hc,(7') and its anisotropy ¥y (T) = He 4p(T)/He..(T) (a, c are the
principal directions of a uniaxial crystal). Using rotational ellipsoids as model Fermi surfaces we apply the formalism
developed to study y (T') for a few different anisotropies of the Fermi surface and of the order parameters. We find that
even for a single band d-wave order parameter y (T") decreases on warming; however, relatively weakly. For order
parameters of the form A(k,) = Ao(1 + ncosk.a) (Xu et al 2011 Nature Phys. 7 198), according to our simulations y (T)
may either increase or decrease on warming even for a single band depending on the sign of 1. Hence, the common belief
that the multi-band Fermi surface is responsible for the temperature variation of y is proven incorrect.

For two s-wave gaps, y decreases on warming for all Fermi shapes examined. For two order parameters of the form
A(k;) = Ap(l + ncosk.a), presumably relevant for pnictides, we obtain y (T') increasing on warming provided both 1; and
1, are negative, whereas for n > 0, y (T) decreases. We study the ratio of the two order parameters at H.,(7") and find that
the ratio of the small gap to the large one does not vanish at any temperature, even at H.,(7'), an indication that this does
not happen at lower fields.

(Some figures may appear in colour only in the online journal)
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1. Introduction

The seminal work of Helfand and Werthamer (HW) [1] on
the temperature dependence of the upper critical field H.,(T)
is routinely applied to analyze data on new superconductors
despite the fact that HW considered the isotropic s-wave case
whereas in the majority of new materials both Fermi surfaces
and order parameters are strongly anisotropic. The problem of
H,(T) has been studied theoretically for anisotropic situations
as well: for layered systems [5], for a few cases of hexagonal
anisotropy of the Fermi surface and of the order parameter [6],
for the two-band MgB, [2, 3,7-9], for d-wave cuprates, see
e.g., [10] and references therein, and in a comprehensive work
in [11], to name a few.

A ubiquitous feature of H,, in many new superconductors
is the temperature dependent anisotropy parameter y =
He ap/Heo, o (for uniaxial materials), the property absent
in conventional one-band isotropic s-wave materials. For
example, y (T) of MgB, decreases on warming [12], whereas
for many Fe-based materials ¢ (T') increases with increasing
T [13-15]. Up to date, the T dependence of the anisotropy
parameter y is considered by many to be caused by a multi-
band character of the materials in question with the commonly
given reference to the example of MgB,. To the best of our
knowledge, no explanation was offered for the “‘unusual’ y (T')
of pnictides.

In this work, we develop a method to evaluate
both Hy (T) and y(T) that can be applied with minor
modifications to various situations of different order parameter
symmetries and Fermi surfaces, two bands included. Having in
mind possible applications for data analysis, we provide only
the necessary minimum of analytic developments resorting to
numerical methods as soon as possible.

The upper critical field is affected by many factors:
magnetic structures that may coexist or interfere with
superconductivity, the paramagnetic limit, scattering, etc. In
this work, we have in mind to establish a qualitative picture
of how the general features of anisotropic Fermi surfaces and
order parameters affect H., and its anisotropy, in particular.

Since the paramagnetic effects and the possibility of
Fulde—Ferrel-Larkin—Ovchinnikov phase are not included in
our scheme (one can find a comprehensive discussion of these
questions in [8]), applications to materials with high H.(0)
should be carried out with care; our results can prove useful
for interpretation of data at temperatures where H,(T) does
not exceed the paramagnetic limit.

As far as applications to two-band materials are concerned,
we note that our formalism applies only to superconductors
with a single critical temperature 7. More exotic possibilities
of two component condensates with two distinct 7¢.s are out
of the scope of this paper; these are considered on general
group-theoretical symmetry grounds, e.g., in [16, 17].

Fine details of Fermi surfaces are unlikely to strongly
influence H.(T) because, as is well known and shown
explicitly below, only the integrals over the whole Fermi
surface enter equations for H (7). Circumstantial evidence
for a weak connection between fine particularities of the Fermi
surface and H,(T) is provided by the very fact that the

HW isotropic model works so well for many one-band s-wave
materials, although their Fermi surfaces hardly resemble a
sphere, take for example Nb. Another example is given by
the calculations of [2, 3] for MgB, based on different model
Fermi surfaces, but giving similar results reasonably close to
the measured H.(T). We, therefore, model actual Fermi
surfaces of uniaxial materials of interest here by rotational
ellipsoids (spheroids) choosing them so as to have averaged
squared Fermi velocities equal to the measured values or to
those calculated for realistic Fermi surfaces. This idea, in
fact, has been employed by Miranovic et al for MgB, [2].
Also, we tested our method on a rotational hyperboloid as an
example of open Fermi surfaces, appendix D. This work is
still in progress. We intend to study more about effects of
open Fermi surfaces (or two-band combinations of closed and
open surfaces) on H,(T).

We focus in this work on the clean limit for two
major reasons. First, commonly after discovery of a new
superconductor, an effort is made to obtain as clean single
crystals as possible since those provide a better chance to study
the underlying physics. Second, almost as arule, new materials
are multi-band so that the characterization of scattering leads
to a multitude of scattering parameters which cannot be easily
controlled or separately measured. In addition, in general,
scattering suppresses the anisotropy of Hc,, the central quantity
of interest in this work. We refer readers interested in effects
of scattering to a number of successful dirty-limit microscopic
models, e.g. to [7] and references therein.

In the next section, we begin with the general discussion
of the H., problem for arbitrary Fermi surfaces and order
parameters. We show that in the isotopic limit our approach
is reduced to that of HW. The basic HW approach is then
applied to anisotropic situations. The derivation involves
rescaling of the coordinates and, therefore, necessitates co- and
contravariant vector representations. In our view, disregarding
this necessity may lead to incorrect conclusions. Another
formal feature of our approach should be mentioned: we avoid
the minimization relative to the actual coordinate dependence
of the order parameter in the mixed state often employed to
find H,(T) [2,3,9, 10, 18]. In this sense, our method is close
to the original HW work that stresses that H.,(T') is actually
an eigenvalue problem.

Next, we formulate the problem for two s-wave bands and
show that along with H,(7T') and its anisotropy one can find
the ratio of order parameters on two bands, a quantity that up
to date has been studied only in zero field. We then formulate
the problem for two bands with order parameters of different
symmetries. To show how the method actually works, we
consider in detail one or two bands with Fermi surfaces as
rotational ellipsoids. The method is demonstrated on the well-
studied example of MgB,.

The anisotropy parameter y is shown to depend on
temperature even for the one-band case for other than s-wave
order parameters. This dependence is weak in the d-wave
materials with closed Fermi surfaces, is stronger for open
Fermi shapes and is stronger yet for order parameters of the
form A = Ay (1+n cos k,a), one of the candidates for Fe-based
materials [4]. Moreover, y(T) increases or decreases on



Rep. Prog. Phys. 75 (2012) 114502

V G Kogan and R Prozorov

warming depending on the sign of the coefficient 5, in other
words, on whether A is maximum or minimum at k;, = O.
These results challenge the common belief that temperature
dependence of y is always related to the multi-band topology
of Fermi surfaces.

For two bands, after checking the method on MgB,, we
focus on situations with dominant inter-band coupling, which
is relevant for Fe-based materials. While in most cases we have
considered, H., (T) is qualitatively similar to the HW curve,
the anisotropy parameter y (7') may show a non-monotonic 7
dependence even for s-wave order parameters depending on
the Fermi surface shapes and densities of states (DOS). Most
interesting are the order parameters A = Ag(1l + ncosk.a)
which yield nearly linear increase in y(7) on warming, a
ubiquitous feature seen in many Fe-based superconductors.

2. The problem of H,

Our approach is basically that of HW, although formally the
equations we solve for H.,(T) are different and can be applied
to anisotropic and multi-band situations. To establish the
link to HW, we start the discussion with the one-band case.
The problem of the second-order phase transition at H, is
addressed here on the basis of linearized (the order parameter
A — 0) quasiclassic Eilenberger equations [19]. For clean
materials we have

Qw+v-TII) f =2A/h, (1)
v, [V
h—Tln?z(;(%—(Qf)) )

Here, v is the Fermi velocity, II = V + 2wiA/¢y, A is
the vector potential and ¢y is the flux quantum. A(r, kp) is
the order parameter that in general depends on the position
kr at the Fermi surface (or on v). The function f(r, v, w)
originates from Gor’kov’s Green’s function integrated over
energy near the Fermi surface. Further, N(0) is the total
DOS at the Fermi level per spin; the Matsubara frequencies
are w = w T (2n + 1)/h with an integer n. The averages over
the Fermi surface are shown as (...). The Eilenberger function
g =1 — fft=1at Hy. The temperature T is in energy
units, i.e. kg = 1.

The self-consistency equation (2) is written for the general
case of anisotropic gaps: A = W(r, T) Q(kg). The function
2 (kr) which determines the kr dependence of A is normalized
so that

(@) =1, 3)

for details see, e.g., [20]. Equation (2) corresponds to the
factorizable coupling potential, V(k, k') = VoQ(k)Q(K).
This popular approximation [21] works well for one band
materials with anisotropic coupling. We show in sections 5
and 6 how this convenient shortcut can be generalized to a
multi-band case.

‘We now recast the self-consistency equation (2) by writing
the solution of equation (1) in the form

2 oo
f== f dperCeriDA, “
0

using the identity

1 2 (>
_:ﬁ/ dpe 2, )
0

and by summing up over w:

© du
W= / g @er ), (6)
o sinh u

where u = 2nTp/h and t = T/T.. Hence, we got rid of the
summation over w, a convenient feature for further analysis.

The self-consistency equation (6) can be further rewritten
in the form free of the divergent factor 1/sinhu in the
integrand. To this end, we integrate by parts the right-hand
side (rhs) of equation (6) using du/ sinhu = d Intanh(u/2).
The first term on the rhs diverges:

* d T
/ - u ¥ = —W Intanh TP 7
o sinhu ho|,0
The second term transforms to
aT o
—<S22[ln tanh _h,o e_"”n} \Il>
o= ®)

o0 T
—<92vn f dp Intanh ue‘”’n\l/>.
0 I}
The first term here and the contribution (7) cancel, and we
obtain instead of equation (6):

T
TP (QuTleTw).  (9)

oo
Wint¢ =/ dp Intanh
0

Here, the singularity at p — 0 is integrable.

2.1. H, near T,

In this domain, the gradients IT ~ & -1 0, and one can
expand exp(—pvIl) in the integrand (9) and keep only the
linear term:

13’

— Wit =
167277

(Q%(v - TD)*W),

(10)

where f0°° dx xIntanhx = —7¢(3)/16 with ¢(3) = 1.202.
This is, in fact, the anisotropic version of the linearized
Ginzburg-Landau (GL) equation

—E LIV = W, (11)

with

o _ O

2
= m (27w vg),

t=1-1t, (12

the result of Gor’kov and Melik-Barkhudarov [22]. Solving the
eigenvalue problem for equation (11), which is similar to one
for a charged particle in uniform magnetic field, see e.g. work
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by Tilley [23], one finds the critical fields in two principal
directions of uniaxial materials:

_ 8TpoT 2T
P T GmE(Q2v2)
(13)
8wpoT T
HcZ,a == s
7¢ (3% (Q1v2) (Q2v2)
so that
Hoo\® _ Eau _ (Q700)
2 02,(1 aa a
T.) = =22 = . 14
y (1) (ch,c> SR Toche) (14)
The angular dependence
HcZ.a
H(0) = (15)

\/sin? 6 + y2cos? 0

is a direct consequence of equation (11) in which &2 is a second
rank tensor (6 is the angle between the applied field and the
c-axis). We argue below that equation (11) holds at H,, in
fact, at all temperatures, and so should the angular dependence
(15), the common practice to call it ‘GL’ notwithstanding.
We show that this angular dependence holds for any order
parameter symmetry and for any Fermi surface shape including
two-band situations. These conclusions are, in fact, confirmed
experimentally [24-30] and by calculations of [2].

3. Isotropic gap on a Fermi sphere

This problem has been solved by HW for the whole curve
Ho(T) [1]. Tt is instructive and useful for the following
generalization to the anisotropic case to reproduce their result
within the quasiclassic scheme [31].
It was established in [1] that at H»(T) at any temperature,
the order parameter satisfies a linear equation
—EMTIPA = A (16)
in which £(T) should be determined so as to satisfy the
self-consistency equation. One can see that this equation is
equivalent to the Schrodinger equation for a charge moving in
uniform magnetic field and that the maximum field in which
non-trivial solutions A exist is Hyy = ¢/2m&2. For the field
along z we choose the gauge A, = Hx. One readily verifies
that in terms of operators

* = I, £ill,, I, = 9,
q*> = 2w H /¢, (17)

Equation (16) reads TT*TI"A = 0 provided ¢*> = 1/&2.
Therefore, we obtain a useful property of A at He(T):

I, =9, +ig’x,

[MIMTA=I1"¥ =0. (18)

We now introduce v* = v, %+ iv, so that vII = (v II* +
v*I17)/2 and evaluate the average (vII e " W) needed in the
self-consistency equation (9). To this end, we use the known
property of exponential operators:

e Py = PO @ = ePelel O P12y, (19)

Here, P = —pvI[1*/2, Q = —pv*I1~ /2, the commutator
[0, P]/2 = —pzvi/4$2 and vi = vﬁ + v?.
Since [I"W¥ = 0 and ¢2W¥ = W, we have

-n > -1
vIle My = ST 40t ) Y Cpr )",
2 = 2'n!
2.2
=P (20)
482

After averaging over the Fermi sphere, only (v*tv™) survives
(use vt = v, et?):
(vITe”" M W) = —§<e’"v V)T I 21

Now, with the help of equation (16), the self-consistency
equation (9) yields

1 [ T
£21ns = -/ dpp Intanh =2 (e?). (22)
2 Jo h
Introducing the dimensionless field
h v}
= e (23)
C

and a variable s = 7. p/h, we rewrite equation (22) for &(¢)
as an equation for A (¢):

Int = th ds s In tanh(st)(ue_“h“z), 24)
0

where 1 = v} /vi and vg is the Fermi velocity. The field A
is the upper critical field in units of ¢o/(h*vZ/27T?). Thus,
solving equation (24) with respect to h(¢) we have the HW
solution of the problem for the isotropic one-band case. In the
following we refer to equation (24) as the HW result although in
the original work they obtained a different form of the equation
for Hey (T).

At arbitrary T, equation (24) can be solved numerically;
the exceptions are T — 0 and T — T,. Since h(0) is finite,
the integral over s is truncated at s ~ 1/ /1uh; therefore, for
low enough # we have In tanh(sf) ~ Inf+In s. The integration
over s then yields

% = <ln 7150 > (25)

hvl

where C' = 0.577 is the Euler constant. The averaging over
the Fermi sphere with v; = vgsin 0 is readily performed:

2,2
h-vg
272T?

Cc-2

£2(0) = (26)

Thus, we obtain

0N . ¢07TT02 rC

Hea(0) = - ,
O =520 = we ©

27

the value obtained variationally by Gor’kov [32] and proven
to be exact by HW.
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Close to T., H. is obtained as isotropic limits of
equations (13). It is instructive, however, to see how this
can be deduced directly from equation (24). In this domain,
Int ~ t—-1 = —t and h « t. Then, the integral in
equation (24) should be evaluated in zero order in t, in other
words, & in exp(—,uhsz) can be set zero. Integration over s
gives —(7¢(3)/16)(u), whereas (1) = (v} /vd) = 2/3:

h=127/7¢(3). (28)

The reduced HW field
Ho(©) _ h(©) _ 7¢B3)e
|H,H(THITe [ (D) 48e¢

the correct HW value.

n*(0) = ~0.727,  (29)

4. Anisotropic one-band case

The central point of the HW paper is the proof that the
linearized GL equation (16) holds not only near 7, but along the
whole curve H,(T). For anisotropic materials equation (16)
should be replaced with equation (11) where all components
of the tensor (£2);; should be determined from the self-
consistency equation. We consider here uniaxial materials
for which the symmetric tensor Efk has two independent
eigenvalues. One has for the field along one of the principal
crystal directions, which we call z:
— LT +E,THA = A, (30)
We denote &, = &//my, &, = &/ /my, &, = &/ /m; with
dimensionless constants m, , .. Since the three quantities, &,
&,y and .., are replaced with four, £ and m, , ., we can impose
an extra condition: m,mym, = 1. For uniaxial materials of
interest here with m, # m, = m,;, we introduce the anisotropy
parameter Y = +/m./m,, so that all ‘masses’ are expressed
in terms of y: m, = y~?/3, m. = y*3. It is worth noting
that ms here do not necessarily have the meaning of the band
theory effective masses; rather, they are parameters describing
the anisotropy of H.,; near T, they can be expressed in terms
of Fermi velocities and the gap anisotropy, equation (14)
[22]. Hence, if the ansatz (11) is correct, the self-consistency
equation must provide equations to determine £(7) and y (T').
To make use of the property (18) in anisotropic situations
we rescale coordinates in equation (30):

x' = xmy, y =y /m,, (3D
A (2 gy 2A - (32)
—+ [ — +i¢g'*x =——,
ax/z ay/ q 52

2nH
12 T (33)

B ¢0«/ nmyniy .
Formally, equation (32) is equivalent to the isotropic
equation (16). The upper critical field is then determined by

g = 178"
¢0«/mxmy

Ho=——F5—.

27E? G

Therefore, we have in the uniaxial case:

®o ®o
ch,c = F&‘Z me, ch,b = ng megmc (35)
and
He p m
— = [— =y. 36
HC2,C mgy 4 ( )

Thus, the formally introduced ‘masses’ are related to the
measurable ratio of H.,s.

Any coordinate transformation results in transformation
of vectors (and tensors). The scaling transformation (31)
necessitates the co- and contravariant representations for
vectors, see, e.g., [33] or [34]. The covariant gradients
7, = 9/3x" and 7wy = 3/9y’ +ig’'*x" have the same properties
as their isotropic counterparts IT, ,. Equation (32) acquires
the ‘isotropic’ form:

— & +r)A=A, (37)

TTHtA = —2A /&%, 77 A=0. (38)

The following manipulation then is similar to what was carried
out in the isotropic case; one, however, should keep track
of differences between co- and contravariant components of
vectors.

Since the scalar products are invariant, we have vII =
vim; = (vt + vt ) /2, vE = v¥ £ ivY where

Vi = v /my, v = v, /my

are the contravariant components of the Fermi velocity that
transform as coordinates, equation (31). Further, we use the
property (19) of exponential operators with

o\ _

(39)

Pz—gv’rﬁ, QZ_EU T,
1 p2vf_
—[0, P]=— 40
210 P1=~ (40)
and
vl = ()2 + () = vimy +vjmy. 41)
Since 7~W¥ = 0 and €W = W, we have
vITe PNy — ﬂ(vfjf + v+717) i M
2 ~ 2"pn! ’
(42)

where n = p?v? /482

The next step in the ‘isotropic derivation’ was to use the
fact that (vtv™) = 2v%/3 whereas all other averages (such
as (vtv~v7)) vanish because v¥ = v et where ¢ is the
azimuthal angle on a sphere. To prove rigorously that this
is valid for a general Fermi surface is difficult, although it
is probably true for uniaxial materials of interest here. As
mentioned in the introduction, to make progress in evaluation
of H, and its anisotropy we resort to modeling actual Fermi
surfaces with spheroids. The rescaling employed above, in
fact, transforms spheroids to ‘spheres’ in rescaled coordinates
so that we can still claim that the only surviving product after
averaging of equation (42) is (v*v~) and we obtain

1)

(Q2 v e "M y) = —§<s22 e\ Trtw. (43)
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The self-consistency equation (9) now yields with the help of
equation (38):

aT
L (@2 m?).

1 o0
£ Int = Ef dp p Intanh (44)
0
This equation (written for a certain field orientation) contains
two unknown functions, £(7T) and y(T'). Therefore, one has
to write it for two field orientations: (a) for H along ¢ with
n= ,021&/452 and

2

Vi = ma(v)% + vi) = y‘2/3(vf + vi), 45)
and (b) for H along b with
vi = mavf + mcvz2 = y_2/3 (vf + yzvzz). (46)

In principle, by solving the system of these two equations
one can determine both &£(7) and y(T), thus proving the
correctness of the ansatz (11).

Since the Fermi velocity is not a constant at anisotropic
Fermi surfaces, we normalize velocities on some value vg for
which we choose

2 = 2E}

=—F 4
T2h3N ()’ “7)

where EF is the Fermi energy and N (0) is the total DOS at the
Fermi level per spin. One easily verifies that vy = vg for the
isotropic case.

We now write the self-consistency equation (44) for
H | ¢,i.e. withv, of equation (45), in dimensionless form. To
this end, we go to the integration variable s = 7 T /%, divide
both parts by £2, and multiply and divide the integrand by vg:

o0
Int = 2h, / s Intanh(st) (Q2p.e ") ds, (48)
0
n2y2y 23 2+ 02
c= %, He = x—zy (49
An2T2E V)

One can see that & is in fact He . in units of ¢o/(h*v2 /27 T?2).
An important feature of equation (48) should be noted: it does
not contain the anisotropy y explicitly so that it can be solved
for h.(¢).

Writing equation (44) for H L ¢ with v, of equation (46)
we obtain

o0
Inr = 2h, / s Intanh(s?) (Q% e ") ds, (50)
0
v2 + yzvz
wp = 5. (51
Vo

For the isotropic s-wave case, y = 2 = 1 and equations (48)
and (50) coincide with each other and with equation (24) of
HW. We note that the integrals on the rhs of equations (48),
(50) differ only in us; for brevity we denote
7= / s In tanh(st) (% e 1"y ds. (52)
0
Thus, the general scheme for solving for H(T) and its

anisotropy consists of (a) solving equation (48) for /. (¢) and
(b) for the now known £.(t), solving equation (50) for y (¢).

41. T > T.and T — 0

Analysis of equations (48) and (50) for arbitrary temperatures
is difficult because h.(¢) and ¢ enter the integrals Z in a
nonlinear fashion. The situation is simpler near 7, where
Int % —t =t—1andh, « t. Therefore, Z can be evaluated in
zero order in 7, in other words, A, in the exp(— ufhcxz) can be
set zero and t = 1 in In tanh(x7). We obtain after integration:

7t0)
16

T = (Q*u), (53)

where for H || c one takes © = u. whereas u = u, for
H 1 c. Equation (48) now yields

81
CT03)(Pue) 703 Q%)
It is readily shown that equation (50) for y (7¢.) reduces to

h.(1) = — (54)

c

(Qup) = (1), (55)

Using up, and . of equations (51) and (49) one reproduces the
general result (14).

Ast — 0, h, — const, and the exponential factor in 7
truncates the integrand at a finite x ~ 1/./wh.. Hence, at
small enough ¢, Intanh(x¢) & In(xt) = In? + Inx. One can
now integrate over x:

Int  C+(Q2In(hp))

I(w) = T 4 (56)
Substituting this in equation (48) one obtains
he(0) = exp(—C — (27 In i.)). (57)
The HW ratio for a general anisotropy reads
h(0) = heO) _ 126) (Quc)exp (—(QInp)) . (58)

SRl 8eC
Thus, the HW number #*(0) = 0.727 is corrected by both
Fermi surface shape and by the order parameter symmetry.

Equation (50) for y (0) along with the expression for /. (0)
readily givesat 7 =0

(Q%In pe) = (% In ). (59)

5. Two s-wave bands

The general self-consistency equation for two bands reads

Ay(r, k) =21T Z Ng(Vop(k, k) fg(r, k', w))r.  (60)
B.w

Here, o, 8 = 1,2 are band indices and Ng are the bands
DOS. We consider elements of Vg as constants, so that our
model is a weak-coupling two-band theory in which the s-wave
(i.e. k independent) order parameters A »(r, T, H) should be
calculated self-consistently for a given coupling matrix V,g.
As is commonly done, it is convenient to rewrite
this equation in the form containing the measured critical
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temperature which is related to the effective coupling V) via
the standard BCS formula

A0) = e T, = 2hawpe /NOV, (61)

where hiwp is the energy scale of a ‘glue boson’. To this end,
we introduce the normalized coupling matrix Aqs = Viog/ Vo
and use the relation identical to equation (61) for T¢.:

1 &
=ln—+2nT — (62)
NOVy T —
We then obtain
—A“nt:ZnTZ ﬁ—znﬂkaﬂfﬁ) (63)
" how 3

with ng = Nﬁ/N(O)

Solving the self-consistency equation in zero field and
A — 0 one obtains a relation for 7, (or for Vj) in terms of
couplings V,g and DOS n, (appendix B):

Vo 2ninad — Vg (Vi + V) + 1 = 0, (64)
d=VVy—Vp, (65)

Therefore, the normalized A,g = V,p/ V) obey
ninyd — iy —naipn +1=0, (66)
8 = Aihy — A, (67)

This property, in fact, means that normalized couplings A.g for
a given T, have only two independent components, which are
chosen in the following as Aj; and Aj;.

To avoid misunderstanding, we stress that our notation
for the normalized A, = V,p/Vy differs from )Lgfg used in
the literature: the latter are At = Ny Vi, AL = N, Vs, and
)Llllg = N;Vj;. It should also be noted that equation (63) is
not valid for the unlikely situation of zero inter-band coupling,
Vi, = 0, because two decoupled condensates in general have
two different critical temperatures.

As was done in section 2, we can transform the self-
consistency equation (63) to

oo
AyInt = Znﬁkaﬂ]; dp In tanh
B

nTp

(v TIe "MA)g,

(68)

the averaging in the last term here is only over 8-band.

We have generalized the HW isotropic one-band approach
by showing that linearized GL equation —(£2);tIT,TI; A = A
holds everywhere along the H, line. Clearly, the tensor (¢ )ik
gives the length scales of spatial variations of A at H,,. Before
solving the self-consistency equation for two-band systems
(68) it is instructive to recall the situation in the GL domain
of a two-band material, which has recently been discussed in
some detail for the case of two isotropic bands [35-37].

The system of two GL equations for two order parameters
written in terms of coefficients of the GL energy expansion
looks—at first sight—as if it contains two different coherence

lengths, i.e. each order parameter varies in space with its own
length scale different from the other. It has been shown,
however, that at T = T, these two length scales coincide,
provided of course that the system has a single 7;. [35]. In fact,
two GL equations can be written as one with a single coherence
length & which is related in a non-trival manner to coefficients
of the GL energy functional. Thus, for a material with two
isotropic bands, the linearized GL equation is the same for
both bands:
— £ A, = Ay, a=1,2. (69)
When the two bands are anisotropic, we can look for
solutions of the self-consistency system (68) which satisfies
at H,, the linear equation
— EaliMAg = Ag, =12 (70)
All components of the tensor (£2),1, are to be determined from
the self-consistency equations. One can consider equation (70)
as an ansatz which should be substituted in the self-consistency
relations. If one succeeds in finding such a (£2);; so that the
latter are satisfied, the ansatz (70) is proven correct.
Repeating the derivation of section 4 we obtain

(v - Te " MAY = 22002 em), (1)

where & is the average coherence length related to the
eigenvalues of Eizkz aza = £2y2/3 and Efc = £2y %3, Further,
n= pzvi/4§2 and v, is given in equation (45) for H || c and
in equation (46) for H L c. Substituting this in system (68)
we obtain after straightforward algebra:

aj Ay +aph; =0,

(72)
a Ay +anh; =0,
with
ap =&*Int — A, ap = —Aind,
a1 = =M, an = &2 Int — Anh, (73)
o0
. T
T, = %/ dpplntanh =L 02e .. (74)
0
Zero determinant of the linear system (72) gives £(¢):
£ (Int)? — E2Int (M1 Jy + And) + 817> = 0. (75)

For a single band n, = 0 and A;; = 1 and one obtains
equation (44).

The order parameters A ; at H,, as solutions of system
(72), are determined only within an arbitrary factor, whereas
their ratio is fixed: Aj/A, = —ajz/ay;. This means that A,
and A, at H, have the same coordinate dependences and,
in particular, that they have coinciding zeros (this, of course,
follows already from equation (70)). The gaps ratio is, in
general, temperature dependent (for brevity, we use the term
‘gap’ instead of ‘order parameter’ although the latter is more

accurate).
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Introducing a dimensionless field A, according to
equation (49) one rewrites equation (75) as an equation
for h.(t):

(Int)? = 2h. (A2 + narnZs) Int

+4h2(ni A + ok — DI, = 0, (76)

7, = / ds s In tanh(st) (e 5 ey, (77)
0
where u. is given by equation (49) for the corresponding
band, and we took account of equations (66) and (67). As
in the one-band case, this equation does not contain the
anisotropy parameter y and can be solved numerically for
h.(t). Equations of a structure similar to (76) have been
employed in studies of H; in two-band superconductors [8, 9].
Given h.(t), one finds the upper critical field:

27 T2 o

2.2
g

HCZ,C = hc(t)v (78)

where vy is expressed in terms of the Fermi energy and the
total DOS in equation (47).

Writing the self-consistency condition for H L ¢, we
obtain equation (76) in which, however, A.(t) is now known
and p., in integrals (77) is replaced with o (y) given by
equation (51) for each band. Solving this numerically, one
obtains y (7).

The case of T — T is treated as was done for a one-band
situation:

70)

6 (M)

(take equation (53), set 2 = 1 for the s-wave and add the band
index). For H || c one takes u = u. whereas u = u,; for
H | c. The same argument which led to equation (56) gives
for two bands at low temperatures:

Lolr, = — (79)

Int  C+ (In(h.p))y
2h, 4h, '

To(W)i—0 = (80)

One can make progress analytically in looking for H.,
near T, and for T — 0. This calculation is useful for checking
the numerical routine; for the sake of brevity we do not provide
these somewhat cumbersome results.

5.1. Ratio AQ/A] at H.»
It follows from system (72):

Ay an Int — 2nyA0nh. 12,

=2 AT Thimlen @®1)
Ay as) 2niAh I
where
ninaAiiAxn —niiyp —noAxp +1
Ay = \/ O ®Y)
niny

We stress again that the coordinate independent ratio
Ay (r)/Aq(r) makes sense only for order parameters having
the same coordinate dependence (in particular, the same zeros
and the same phases).

As T — 0, one can keep only the leading logarithmic
term in Z, of equation (80) to obtain'

Ay

L —nadp
Az lr—o .

(83)
naA12

We point out that the zero-T gap ratio does not depend either
on the Fermi surfaces involved or on the value of H,,(0). Also,
this ratio at # = 0 is the same for both field orientations; this
is not the case for ¢ # 0.

6. Two bands with gaps of different symmetries

Other than s-wave order parameters emerge if the coupling
V (k, k') responsible for superconductivity is not a constant
(or a 2x2 matrix of k independent constants). The
formally simplest way to consider different from s-wave order
parameters without going to details of microscopic interactions
is to use a ‘separable’ potential:

Vap(k, k') = Vg (k)25 (K), (84)
where chg) is a k independent matrix, and look for the order
parameters in the form

Ao(r, T, k) = Wo(r, T)Q (k) (85)
with the normalization (£2?), = 1 for each band. One can see
that this leads to the self-consistency equation

Wy
—W,Int =27T E P E nghap(2sf8)p | (86)
® B

where

rap = Vg I Vo, (87)

see also appendix B. The same algebra as in section 5 results
in equation (76) for h.(t) with

o0
7, = / ds s In tanh(s) (Q2 e Hehes’) | (88)
0

As before, one calculates the anisotropy y (¢) replacing u. with
wp(y)-

7. Ellipsoid of rotation

The Fermi surface as an ellipsoid of rotation is an interesting
example in its own right and as a model system for calculating
H_, in uniaxial materials with closed Fermi surfaces. Since
H., is weakly sensitive to fine details of Fermi surfaces,
calculations performed for ellipsoids might be relevant for
realistic shapes as well.

Similarly, open Fermi surfaces (extending to boundaries
of the Brillouin zone) in uniaxial materials can be studied
qualitatively by considering rotational hyperboloids. The

I 1t is instructive to note that the zero-T value of the ratio of coordinate
dependent order parameters at the upper critical field He (T = 0) is the same
as at zero field and T = T [35, 38].
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formal treatment of these shapes is similar to that of ellipsoids.
This work is still in progress, we show some of it in appendix D.
Consider an uniaxial superconductor with the electronic

spectrum
ki+ky k2 %
_— s
Zmab 2mc ( )

E(k) =h? (

so that the Fermi surface is an ellipsoid of rotation with z being
the symmetry axis.
In spherical coordinates (k, 6, ¢) we have

Wk (L, may n?k?
E(k) = sin“0 + —cos“ 0 | = rae), 90)
2’nab me 2’nab
so that 5 E
Map LF
k2 (0) = : 91

The Fermi velocity is v(k) = VE(k), with the derivatives
taken at k = kg:

Vgp SIN 6 COS ¢ Vgp SIN 6 sin ¢

UX - s Uy k]
JT (@) y JT (@)
Vgup COS O Map 2ER
v, =& ——, e = s Vap = .
: JT@) e b Moy

92)

The value of the Fermi velocity, v = (v + v§ +v)2 s

given by
_ [T1(0)
= Ugp _F(H) . 93)

The DOS N (0) is defined as an integral over the Fermi
surface:

sin” @ + &2 cos2 0
V= Vgpy ) ———————
sin® 6 + & cos2 6

h2d2kg
Qrh)3v’

The integral over the Fermi surface can be done by integrating
over the solid angle d2 = sin 6 d6 d¢:

N(0) = (94)

Mg, Vap dQ2
NQ_MW/MIWW@' ©>
The Fermi surface average of a function A(6, ¢) is
1 dQ A9, ¢)
A =— | ——
We.o =1 / IO @) 00
D—/ dQ _ F(cos™' /e, 1 —¢)
) 4nJT@, @, ¢e) Ji—¢ ’
(Ch)

where F is an incomplete elliptic integral of the first kind. If
the function A depends only on the polar angle 8, one can
employ the variable u = cos 6:

! du A(u)

Ao =55 o VT, el (u,e) ©8)
['=1+(— Du?, =1+ 2= Du (99)

It is useful for the following to have a relation between v,;, and
vo of equation (47) for a one-band situation:

v}, = D(e)v;. (100)

H|lc

0.8

0oL . ‘
00 02 04 06

t=T/T,

1.0

Figure 1. The upper panel: reduced upper critical fields for a prolate
¢ = 0.2 and oblate ¢ = 5 spheroids and s-wave order parameter.
h.(t) is calculated solving equations (48), (49), (52). The HW result
for ¢ = 1 is shown for comparison. The lower panel: the same result
plotted using the HW normalization (102) to show that in this
representation /1, only weakly depends on the Fermi surface shape.

7.1. H | c

One obtains u. using equations (47), (49) and (92):
sin? 0

re,e’

Hence, we can solve equation (48) for 4. (¢) for a spheroid with
afixed my,/m. = €.

Examples of this calculation for the s-wave order
parameter, 2 = 1, are shown in the upper panel of figure 1
for a prolate ellipsoid with ¢ = 0.2 and for an oblate one
with ¢ = 5 (the latter corresponds to the ratio of spheroid
semi-axes ﬁ); equations (76) and (77) for h. are solved
numerically by employing any of the available packages, such
as Mathematica, able to find roots of nonlinear equations and
do multiple integrals. The plotted A.(¢) is Hc, . normalized
on ¢y/ (h2v§ /2w Tcz) with vy given in equation (47) in terms
of the Fermi energy and the total DOS. For comparison, the
same results are shown in the lower panel of figure 1 in the
traditional HW normalization

e _Hoo) b
T THL(T) ~ h(D)

e = D*3(e) (101)

(102)

It is seen, therefore, that for one-band s-wave materials,
although the actual values of 4.(0) vary, the curves of H, .(T')
have qualitatively similar shapes for different Fermi surfaces.
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d-wave

: ‘ :
L e=0.2
s-wave
2.5 w
20+ =
d-wave
1.5+ e
o> s-wave
1.0 =
d-wave
[ /s-wave
0.5 h_,g i
e=5
00 L | L | L | L | L |
0.0 0.2 0.4 0.6 0.8 1.0

t

Figure 2. Anisotropy parameter y = h,,/h. = He.ap/ Heo e
calculated solving equations (50), (51) and (77) for s- and d-wave
order parameters.

7.2. y(t)

To solve equation (50) for H | a, we need

2 2,2
UX+]/ Uy

2
Vo

Iy =

sin” 0 cos? ¢ + y2e? cos? 0
I'eo,e)

The anisotropy parameter y is calculated with the help
of equations (50) and (51) and shown in figure 2. It is worth
observing that for the s-wave case, y depends on the Fermi
surface shape but is temperature independent.

One can see that y = 1 for a Fermi sphere with ¢ = 1,
as it should. One can show that y (&) behave approximately
as 1/./e. In particular, we observe that for oblate Fermi
spheroids, y < 1,1i.e. Hoap < Heo e

— D2/3(8) (103)

7.3. d-wave on a one-band ellipsoid

For this case 2 Qpcos2¢ and one can verify that the
condition (Q?) = 1 yields Q% = 2, the same value for any
Fermi spheroid. Equation (48) then can be solved numerically
with the results shown in figure 3 for values of ¢ given in the
caption. The anisotropy parameter for d-wave is shown in
figure 2; unlike s-wave, it decreases on warming.

It is worth observing that, for a fixed &, h.(¢) for
s- and d-wave order parameters are the same. This is
because the Fermi surface average in equation (48) involves
(1/2) foﬂ sin #dé for the s-wave whereas for the d-wave we

have (1/47) [i7 sin6d6 [ 2 cos® 2¢ d¢, which has the same
value as for the s-case.

7.4. Order parameter modulated along k,

The gap function suggested by the ARPES data for
Baj ¢Ko 4Fe, As, has a general form [4]

A = Ao(1 +ncosk.a). (104)

10

e=0

2

d-wave
1.5

S-wave H ” ab
1.0

Figure 3. Reduced fields /(z) for two spheroids, ¢ = 0.2, 5. For
H || c, s- and d-curves coincide, as explained in the text.

This order parameter varies along the Fermi surface with

changing k.; it does not have zeros if || < 1. Depending on the

sign of n, it has maximum or minimum at the ‘equator’ k, = 0.
To apply this dependence for Fermi spheroids, we write

2m g, Ep cos? 0

k> = kZcos’ 6 =
< F "2l (e, 6)

; (105)

where kg is taken from equation (91). Since m,, = 2Eg/ vﬁb
and v, = voD'/3, we obtain

2Egacosf
k.a = . 106
= e DV3(e)y/T (e, 0) (109
We now choose the length scale
hv()
=—, 107
2E: (107)
so that
cos 6
(108)

k= R T )

Note that in the isotropic case, the length a = ao/(37%)!'/?
with ag being the interparticle spacing (the unit cell size).
To adopt the order parameter (104) for our formalism we
define
5, (1+ncos(k.a))?
(1 +ncos(k.a))?)’

as to satisfy the normalization (%) = 1 (the average in the
denominator is calculated according to equation (D10)).

(109)
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}.5.5

Figure 4. The reduced field 4.(¢) is shown in the upper panel for a
spheroid with ¢ = 0.1 and the order parameter (104) with a = 1 and
n = £0.5. The two lower panels show the anisotropy parameter

v ().

Numerical evaluation of /. (¢) for parameters given in the
caption of figure 4 results in a curve qualitatively similar to that
of HW (the upper panel); however, the anisotropy parameter
decreases on warming for n > 0 as shown in the middle panel.
It is quite remarkable that changing the sign of 5, i.e. going
from order parameters with a maximum at the Fermi surface
‘equator’ k; = 0 (n > 0) to ones with a minimum (1 < 0), not
only changes the temperature dependence of y to the opposite
but also affects its absolute values as well (for positive 7, the
anisotropy parameter is noticeably larger than for n < 0 for
other parameters kept the same).

One can readily evaluate how the anisotropy of the London
penetration depth A, y5 = A./Aup, changes with temperature
for n = —0.5 (for which the H., anisotropy is shown in the
lowest panel of figure 4). To this end we note that the GL theory
requires the same values of these two anisotropies at T, so that
ya(Te) = y(T.) = 2.17 according to figure 4. As T — O,
y/% 0 — (v?) / (vzz) (in the clean limit, the order parameter
does not enter the anisotropy of the London depth) [20, 38,
39]. The calculation of these averages is straightforward
for a spheroid with & 0.1: yo(0) ~ 3.38. Thus, the
A-anisotropy decreases on warming, unlike Hc,-anisotropy.
This qualitative behavior of the A-anisotropy is, in fact, seen

11

2.0

1.5

0.5

Figure 5. The anisotropy parameter y (¢) for three different Fermi
surfaces ¢ = 0.1, 1, 5 and the order parameter of the form (104)
with n = —0.5.

in experiments on Ba(Fe;_,Co,),As;, (Ba;_,K,)Fe;As,; and
NdFeAs(O;_.F,) [40].

In figure 5 we demonstrate that the effect of y increasing
on warming remains if the Fermi surface changes from a prolate
spheroid with ¢ = 0.1 to a sphere ¢ = 1 and to oblate spheroid
with e = 5. In particular, these features challenge the common
belief that temperature dependence of the anisotropy parameter
is always related to a multi-band situations.

We note in concluding this section that other possible
anisotropic order parameters can be treated within our scheme
in a similar manner.

8. Two-band results

To apply the theory developed for two-band materials one
first should map actual band structure upon two spheroids, the
procedure we demonstrate in some detail on the well-studied
MgB,. When calculating parameters p. (and u;) needed in
this mapping for each band, one should bear in mind that in
the two-band situation we have

}2/3

|

sin 0
IO, e’

D(ey)

Ny

Me,a =

(110)
see appendix C.

8.1. MgB,

We take this example to demonstrate that our procedure yields
H., (T) and the anisotropy y (7') in agreement with existing
data (see, e.g., [12,41]) and with calculations of [2, 3,9]. We
stress that our calculations of H,, are done with the same set of
coupling parameters as those used for the zero-field properties
of this material as described in [38]. The four Fermi sheets
of MgB, can be grouped into two effective bands with nearly
constant zero-field gaps for each group [42]. The two effective
bands are mapped here upon two ellipsoids [2]. We describe
this procedure in some detail.
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We take the following data from the band structure
calculations [44]: the relative DOS of our model are n; ~ 0.42
and ny & 0.58 for o and 7 bands, respectively [42,43]. The
band calculations [43] also provide the averages over separate
Fermi sheets: (v2); = 23, (v?); = 0.5 and (v2), = 33.2,
(vf)z =422 x 10" cm?s2.

To map this system onto two Fermi ellipsoids, we note
that the averages over spheroids are given by

2 1 1— 2
() = —ab dud =) (111)
2D(e) Jo 132(e)T % (e)
2 2 1 d 2
<Uzz> Vg€ uu (112)

© D) Jo T2(e)M ) (e)

where u = cos6f. The integrals here can be expressed in
terms of elliptic integrals, alternatively they can be evaluated

numerically. Forming the ratio (vﬁ) / (vf) we obtain an
equation which can be solved for €. This gives &; = 0.028 67
and &, = 1.273. For a given ¢ and, e.g., (v?) = (vf), we
obtain v?2, for two ellipsoids: Uﬁb,l = 0.6019 x 10 and

v2,, = 1.436 x 10'° (cms~")?. Next, we write

I 7Ny +Ny)) 1]
US a 2E12F a v(3)1 USQ
D D
_ (e1) N 582)’ (113)
Vab,1 Vab,2

where equation (100) has been used; this gives v% = 3.867 x
10 (cms~1)?, the constant used in the field normalization.

To obtain normalized coupling constants Aqg = Vyg/ Vo
we use the effective values (calculated including Coulomb
repulsion), which in our notation read: N;V;; = 0.807,
N2V22 = 0276, N| V2] = 0118, N2V12 = (0.086 [44] USiIlg
equation (64) one evaluates 1/ VyN(0) = 1.211, and obtains
the normalized coupling

Vi NV 1

= ~ 2.328.
Voo N@O)Von

A = (114)
Similarly, we find Ay, = 0.5765, A;p = Ay = 0.340. With
these input parameters we have solved equations (76) and (77)
for h.(t). The result is shown in the upper panel of figure 6.

Given h.(t), we rewrite the same equations where (. is
replaced with w,(y) and solve them for y (¢). The latter is
shown in the lower panel of figure 6.

Hence, the calculation gives &.(0) &~ 0.292. We now use
relation (78) between the dimensionless /. and physical He; .,
where T, = 39.5 K and v, has been estimated above, to obtain
Hey (0) =~ 2.8T, the value close to the observed [12,41].
The general behavior of H, -(T) is close to that of HW, the
fact confirmed by experiment. It should be mentioned that
our result is close to the calculations of Miranovic et al [2],
Dahm and Schopohl [3] and Palistrant [9]. We, however, do
not reproduce the calculated H., (7T") with changing curvature
and a substantial upturn at low T's of [8].

The general formula for the gaps ratio at H., is given
in equation (81). Figure 7 shows this ratio as a function of
temperature at He .. For comparison we show the gap ratio

12

H |l ab

3 L 1 L 1 L 1 L 1 L 1
0.2 0.4 0.6 0.8 1.0

t

Figure 6. Upper panel: reduced upper critical fields of clean MgB,.
h.(t) is calculated solving equations (76) and (77) for two spheroids
with ellipticity parameters ¢; = 0.028 67 (a strongly prolate
spheroid for nearly 2D o band) and &, = 1.273 (for a 3D & band)
evaluated with the help of two-band Fermi velocities from the band
structure calculations of [43]. The reduced couplings A,z are
evaluated on the basis of microscopic calculations of [44] as
described in the text. Middle panel: the same for the fields in
common units; He (0) & 2.8 T and He, ,,(0) & 16 T. Lower panel:
the anisotropy parameter y = h,,/h. = He a5/ Heo o calculated
solving equations (76), (77) with u. replaced by w,(y).

T T T T T T T T T T
6L Hc2 i
N
S a
<
H=0

2L a

O 1 1 1 1 1

0.0 0.2 04 0.6 0.8 1.0

t

Figure 7. The ratio A; /A, of two order parameters of MgB, at
H,, . and at zero field calculated with the same coupling constants.
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in zero field calculated with the help of the same coupling
constants [38]. It is instructive to note that the gap ratio at
H_, exceeds the zero-field value at all temperatures, which
can be interpreted as a stronger suppression of the small gap
by the magnetic field than that of the large one at the leading
o band. At first sight, one would expect the two ratios to
coincide as T — T, which our results clearly do not show.
Such an expectation, however, would not be justified: even
when H.; — 0, the superconductor in the mixed state differs
from the uniform state by an extra magnetic field suppression
of the order parameter.

One often finds in the literature the statement that a small
gap in MgB;, is substantially or even completely suppressed by
a large enough field. This would correspond to a substantial
increase in A1 /A, or even divergence of this ratio at some field
under H.,. Our result, however, shows that even at H,, the gap
ratio is finite and of the same order at all 7's. We conclude that
full suppression of the small gap does not happen at any field
H < Hg. On the other hand, assuming (as was done in [2])
that the gap ratio at H, is the same as that calculated in zero
field, is also incorrect.

8.2. )»11 ~ )»22 < |)¥12|

This case is close to theoretical models of pnictides in which the
inter-band coupling is assumed dominant. We consider here
a limiting situation A;; = Ay = 0 to simplify the algebra.
Indeed, for the two field directions we have

(In1)* — 4h? T, () To(e) = 0, (115)
(In1)* — 4h? T, (1) To(p) = 0. (116)
The first equation here can be solved for h.(¢). Since u,

depends on y, the second gives an equation for y(¢). The
latter can also be written in a different form if one subtracts
equation (115) from (116):

Ti(pe) Zo(ne) = Ty (p) Zo(hs). (117)

Figure 8 shows the numerical solution for y(¢) for a
few representative parameter sets. It is worth noting the
particularly informative feature of figure 8: it shows that the
anisotropy Yy (¢) is not necessarily a monotonic function of
temperature. We note that numerical calculations of y(¢)
showing an extremum at 0 < ¢ < 1 are quite robust.

8.2.1. Ai/A,. The general result for the gap ratio (81) gives
for )\11 = )»22 =0:

Ay _ Int

- (118)
Ay 2nihph I

Near 7, we use Zs of equation (53) and A, from
equation (115) to obtain
() \/

Ay
AV}

. 1
niAr2

n2 (2 1hc)2
n <QZMC>1

) (119)

\/(Qzﬂch B

T.
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— —n=02,
—--n=02,
—n,=0.5,

X n,=0.5,

€,=2,¢e,=0.2
51=0.2, 52=2
£,=2,¢e,=0.2
€,=0.2, £,=2

1.2

0.0

Figure 8. The anisotropy parameter y (¢) for the order parameter of
the form A = Ay(1 + ncosk,a) . The parameters chosen are:

&1 =& =0.1,n, =0.5,a = 1, for three sets of ns given in the
figure.

since for A;; = Ay = 0, the normalized X%z = 1/nny. As
T — 0, we can keep only the leading term ~ Int in Z of
equation (56):

n»

n

Ay
A,

(120)

T=0

It is instructive to note that the last relation in the form
n A% ny A% at T 0 suggests the equipartition of
condensation energy between the bands (provided the only
non-zero coupling is A17).

8.2.2. Two bands with A(k;). This example is of interest
because it may have implications for understanding the
behavior of H,(7T) and, in particular, its anisotropy in
Fe-based materials. In figure 9 we show %.(¢) and y (¢) for
two nearly cylindrical bands with order parameters modulated
along k; according to equation (104). Modulations are
characterized by n; = n, = —0.2; other parameters are given
in the caption. The main feature worth paying attention to
is the anisotropy y(¢), which is increasing on warming for
negative 7s.

Itis worth noting that experimental anisotropy of Fe-based
materials behaves qualitatively similar to that shown by the
lowest curve in the lower panel of figure 9 [13]. We,
however, do not have enough information to fix the necessary
parameters for realistic calculations (one needs partial DOS,
Fermi surfaces characterized separately for relevant bands
for evaluating the geometric parameters &, and the order
parameters A(kp)). Hence, we take our results as having a
generic qualitative value.

9. Summary and conclusions

The upper critical field H,, and its anisotropy are among the
easiest properties to examine when a new superconductor is
discovered. This work provides a relatively straightforward
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25 : | . I . I . I . I
0.0

Figure 9. The field 4.(¢) (upper panel) and the anisotropy
parameter y (¢) (lower panel) for the order parameter of the form
A = Ao(1 + ncosk,a) . The parameters chosen are &; = &, = 0.1,
ny = 0.5, a = 1, for three sets of ns given in the figure.

scheme for evaluating the orbital H,(7T') and its anisotropy
y(T) for single and two-band uniaxial materials. We
reproduce here the main points of our approach.

The input parameters for two-band materials are (i) the
coupling matrix Vg (or the normalized couplings A,g and T¢),
(ii) the symmetries of the order parameter on two bands given
as Qg (0, ¢), B is the band index, with the normalization (3)
and (iii) the characteristics of electron systems (Fermi surfaces,
averages of squared Fermi velocities, DOS).

The equation to solve for the reduced upper critical field
h.(t) parallel to the c crystal axis of a two-band clean uniaxial
material reads

(Int)? = 2he(miAZy + narinTs) Int
+4hz(n1k11 +nyhy — 1)1—11—2 = O,

o0
Iy = / ds s In tanh (s7) (Q2ue "5 ey 4 (121)
0

where (4 is given by equation (49) for the corresponding band,
and Qs describe the order parameter symmetries. After 4.(¢)
is found, one solves equation (121), in which u. is replaced
by wup(y) of equation (51), for y(t). The one-band case is
obtained by setting n, = 0, n; = 1 and Ay; = 1. The case of
two s-wave bands corresponds to Q) = Q;, = 1.

Because H,; is determined by equations containing only
integrals over the Fermi surface, it is insensitive to fine details
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of the Fermi surface shape. Therefore, one can replace actual
Fermi surfaces with ellipsoids (or with spheroids, for uniaxial
materials). Given the averages of the squared Fermi velocities
over each band, one establishes the geometry of corresponding
rotational ellipsoids (the squared ratio of semi-axes, ¢). This
procedure is described in section 8.1 on the well-studied
example of MgB,.

One numerically solves equation (121) by employing any
of the available packages (such as Mathematica) able to find
roots of nonlinear equations and to do multiple integrals. The
scheme can also be applied to the case of two bands with order
parameters of different symmetries.

By design, our method is applicable for clean materials
with a moderate H,(0); paramagnetic limiting effects are
out of the scope of this work [8]. The method differs from
those previously employed by not involving explicit coordinate
dependent A; ; and minimization relative to the vortex lattice
structures in calculating He(T) [2,3,18,45]. The main
feature of the two-band derivation is that the linearized GL
equation (70) is assumed to hold at H.;(T') at any T, the ansatz
proven correct by satisfying the self-consistency equation of
the theory. The method is tested on the well-studied example
of MgB, where it shows satisfactory agreement with data and
with other calculations.

Our main results are as follows:

. We find that in clean one-band s-wave materials, the T
dependence of the anisotropy y cannot be caused by
the Fermi surface anisotropy (however, the paramagnetic
limit, which is out of the scope of this paper, may suppress
y atlow T and cause y (T') to increase on warming).

. For other than s-wave symmetry, y depends on
temperature even for one-band materials. This
dependence is pronounced for open Fermi surfaces as
well as for order parameters depending on k,. Thus,
the common belief that the temperature dependence of
the anisotropy parameter is always related to multi-band
situations is incorrect.

. Our scheme of calculating H., for two-band materials
does not utilize any assumptions about the field and
temperature dependences of the order parameters A,
in two bands [2]. In fact, the gap ratio is calculated
self-consistently and in general turns out temperature
dependent. Althoughboth A and A, turn zero at He» (T),
their ratio is finite and in the examples examined is larger
than at zero field.

. The case of exclusively inter-band coupling is discussed,
which might be relevant while interpreting data on H,
and its anisotropy in Fe-based compounds.

. For order parameters of the form A = Ag(1 + ncosk,a)
(one of the candidates suggested for pnictides), the
anisotropy parameter y (¢) depends on the sign of 1 (or ns
for two bands). In particular, y (T) increases on warming
in a nearly linear fashion (as for pnictides) for both ns
negative.
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Appendix A. Different form of the one-band
equation for H .,

Both sides of equation (48) diverge logarithmically when
t — 0, so that these divergences, in fact, cancel out. However,
in numerical work this cancellation may not always be exact,
which may cause the numerical solutions to become unreliable
in this limit. Here, we provide an alternative form of this
equation free of this shortcoming.

To this end, consider an identity:

o0
Int = <§222hcu/ dssln(st)e_”h““2>
0

ks (In(Qh 1))
-5
which is verified by direct integration. We now combine it
with equation (48):

C + (@ In(hp)) =
_— = dssIn
4h, 0

As t — 0, the integral on the rhs goes to zero, and we
immediately obtain the result (57) for /.(0).

(AD)

tanh(st)
st

_ 2
<92,LLC nhes >

(A2)

Appendix B. T as a function of A,z

This question had been discussed, e.g., in [38]. Since our
notation of normalized A4 differs from that in the literature,
we provide here corresponding relations. The s-wave self-
consistency equation for H = 0,

Ay =21T Y NV fulo), (B1)
[
gives near T, where f,, = A, /hw:
A, = Xﬂ: nuN () oy, Ay, i:: 2;:—5 (B2)
where V) is to be defined. We choose it so that
N((;)Vo - i 2;er =n 122660; (B3)
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or, which is the same, 1.767, 2hwpe /NOV - We

then obtain a linear and homogeneous system of equations
Ay = ), nuryuAy, the zero determinant of which gives
equation (66).

For other than s-wave order parameters on two bands, we
take the coupling potential in the form (84) and the order
parameters as in equation (85). We then obtain the self-
consistency equation W, = 2xT 3} , Ny V&S)(Qﬂfﬂ(w)).
We now denote A, = VU(S) / Vo, equation (87), and recall that
fu = QuV¥,/ho near T.. This gives ¥, = Zu oy W,
i.e. the same system of equations as above for the s-wave
case and the same zero-determinant condition (66) albeit with
renormalized couplings (87).

Appendix C. p for the two-band case

By definition, 11, g o vy, 4/vg With vg given in equation (47).
For v,y g we have two relations: one with the Fermi energy,
Mab pVsy 3 = 2Er, and the other in terms of the band DOS,
equation (95):

N Mg Vab D(ep) B=1,2. (Cl)
= —- & s =1, 2.
P onm? 4
One excludes m ;g from these two relations to obtain
2E2
3 F
Vg = ——a—. C2
ab.p JT2713N13 2
Hence, we have
2 2/3
vab. D(S )
g [Py
Yo ng

a clear generalization of equation (100) for the one-band
spheroid. This gives equation (110) used in the text.

Appendix D. Open Fermi surface

The theory employed above is designed to model Fermi
surfaces closed within the first Brillouin zone. Here we
consider an example of the Fermi surface which crosses the
zone boundary, i.e. it is open. Perhaps, the simplest shape to
consider is a rotational hyperboloid which is a property of the
carriers energy of the form

A schematic picture is shown in figure 10.
coordinates (k, 6, ¢) we have
2k2

k2 +k§

Zmab

k2

2m,

E(k) = hz( (D1)

In spherical

2

%k
)

Map

2
ab
—2 cos? 0

<sin2 60— m

me

E(k) = h
o 2mub

[2(0),

[, =sin’ 60 — € cos? 6, (D2)

It is seen from the figure that in the first quadrant of the plane
ki, k, the Fermi surface is situated at 0 > 6,, > tan~! /€, i.e.
everywhere at the Fermi surface I'; > 0.

€ =mgp/me.
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k A
z

Figure 10. The cross-section k, = 0 of an open Fermi hyperboloid.
k. Bz is the zone boundary in the ¢ direction. Tilted straight lines
correspond to E = 0, whereas the thick lines show the Fermi
surface.

The angle 6,, corresponds to the crossing of the Fermi
hyperboloid with the zone boundary k. gz = 27/c where c is
the unit cell size along the ¢ direction:

MmapctEp

2
tan“ 6, = € +
" 272h?

=€+a. (D3)

The parameter o k2(r/2)/ k> 2Bz 1N most situations of
interest is less than unity (kp(n/2) is the radius of the
hyperboloid neck).

The Fermi momentum is given by

2my E
K2(0) = =k (D4)
h°I'2(0)
The Fermi velocity is v(k) = Vi E(k)g,:
Vap SIN O COS ¢ Vgp SIN O sin ¢
V= ——u—— V= ———
VT2(0) VA C))
Vgp COS O
v, = €—, Vap = V2ER/my. (D5)
z /—1_,2(0) I
Further, we have for v = (v% + v§ + vg)l/z:
)
0 +eZcos? @
Y A VTGO S
sin” @ — € cos? 6 [2(0)

The DOS N (0) is defined by the integral of equation (94),
which can be written as an integral over the solid angle
dQ2 = sin6 db d¢:

N(0) = MapVab / dsz (D7)
2 ) An YT, @6)
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hyperboloid _

031
hilc e=a=01
021 -
<
0.1+F -

0.0 0.2 0.4 0.6

TIT,

0.8 1.0

Figure 11. The upper panel: 4. (¢) for Fermi hyperboloid with
€ =« = 0.1. The lower panel: the anisotropy y (¢) for the same
parameters of the Fermi hyperboloid.

where the integration over 6 is extended from 6,, to m — 6,,.
The Fermi surface average of a function A(6, ¢) is

<A>—i/ dQ A, ¢)
D J 4axyTLO)T,©O)
:/471

dQ
For A depending only on 6, one can employ u = cos 6:

(D8)

. (D9)
VT (0, e)'1(0, €)

du A(u)
/ (D10)
) Vo, T (u, €)
[=1-— (e + Du?, =1+ = Du?, (D11)

where the upper limit is u,, = cosf,, = 1/~/1+e+a. In
particular, one obtains

Ftan™' V(T +)/a, 1 —¢)

V1+e

where F is an incomplete elliptic integral of the first kind.
As for ellipsoids, the relation between v, and vy defined
in equation (47) for a one-band situation holds

D(e,a) =

(D12)

3 _ 3
vy, = Dy,

(D13)
however, with a different D.

For H | ¢, the relevant electron orbits are circular, as
for spheres and rotational ellipsoids, and we do not expect
qualitative deviations from the latter. Figure 11 shows h.(t)
calculated with the help of equations (48) and (49) for both
s- and d-wave order parameters.



Rep. Prog. Phys. 75 (2012) 114502

V G Kogan and R Prozorov

Numerical evaluation of the anisotropy shows that y ()

decreases on warming, figure 11. Reduction of the anisotropy
on warming is substantial for a single band open Fermi surface,
an interesting observation given the common belief that the
temperature dependence of anisotropy is a multi-band property.
We also note that this reduction is stronger than that of open
Fermi surfaces.
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